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,D ■ Abstract 

, It is known that the classical Hilbert-Schmidt theorem can be gen- 

CSJ ' eralized to the case of compact operators in Hilbert ^-modules Ti'^ 

over a T^*-algebra of finite type, i.e. compact operators in Ti*^ under 
^ , slight restrictions can be diagonalized over A. We show that if S is a 

OO I weakly dense C*-subalgebra of real rank zero in A with some additional 

property then the natural extension of a compact operator from Hb 
to Ti.'^ D Ti-B can be diagonalized with diagonal entries being from the 
O ■ C*-algebra B. 
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O , Let ^ be a C*-algebra. We consider Hilbert ^-modules over A 1T3|, i.e. (right) 



^-modules A4 together with an ^-valued inner product (■, ■) : M. x M. — >A 
satisfying the following conditions: 

^ \ i) {x, x) > for every x E Ai and {x, x) = iff a; = 0, 

c3 I ii) {x, y) = {y, x)* for every x,y E Ai, 

Hi) (■, ■) is ^-linear in the second argument, 

iv) M. is complete with respect to the norm \\x\\^ = \\{x,x)\\j[. 

By M* = RoBiyxlM; A) we denote the ^-module dual to M. Let 7^^ be a 
right Hilbert ^-module of sequences a = (cfc), ak E A, k E N such that 
the series Y^a^ak converges in A in norm with the standard basis {cfc} and 
let Ln{A) C Ti._A be a submodule generated by the elements Ci, . . . , e„ of the 
basis. An inner ^-valued product on module Hj, is given by (x, y) = J2 ^IVk 
for x,y & A. A bounded operator /C : Hj^ — >TCa is called compact ^ if it 
possesses an adjoint operator and lies in the norm closure of the linear span 
of operators of the form O^^y, Ox,y{z) = x{y, z), x,y,z G H^. From now on we 
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suppose that the compact operator /C is strictly positive, i.e. operator (JCx, x) 
is positive in A and Ker/C = 0. It is known that in the case when ^ is a 
VK*-algebra the inner product can be naturally prolonged to the dual module 

Definition 1.1. Let ^ be a VF*-algebra. We call an operator K, diagonal- 
izable if there exist a set {xj} of elements in H*^ and a set of operators X E A 
such that 

i) {xi} is orthonormal, {xi,Xj) = 6ij, 

a) 7i\ coincides with the ^-module A^* dual to the module ^A generated 
by the set {xj}, 

iv) for any unitaries m,, Wj+i G ^ we have an operator inequality 

u*XiUi > n*+iAi+iMi+i. (1.1) 

We call the elements Xi ^^eigenvectors" and the operators Aj ^^eigenvalues" 
for the operator JC. It must be noticed that the "eigenvectors" and "eigenval- 
ues" are defined not uniquely. 

The problem of diagonalizing operators in Hilbert modules was initiated 



by R. V. Kadison in p] and was studied in different settings in p| , , IMIJP^ 
etc. In 0,1T^ we have proved the following 

Theorem 1.2. If A is a finite a-finite W* -algebra then a compact strictly 
positive operator /C can be diagonalized and its ''eigenvalues" are defined 
uniquely up to unitary equivalence. 

It is well known that in the commutative case, i.e. for C = C{X) being a 
commutative C*-algebra, compact operators cannot be diagonalized inside TCc 
but it becomes possible if we pass to a bigger module over a bigger iy*-algebra 
L°°{X) D C. It leads us to the following 

Definition 1.3. Let C be a C*-algebra admitting a weakly dense inclu- 
sion in a finite a-finite VF*-algebra A and let /C be a compact strictly positive 
operator in TCc- We can naturally extend K. to the bigger module where 
it will remain compact and strictly positive and by the theorem 1.2 it can be 
diagonalized in this module. We call a C*-algebra C admitting weak diagonal- 
ization if the diagonal entries for any JC in T-C\ can be taken from C instead of 
A. 

Problem. Describe the class of C*-algebras admitting weak diagonaliza- 
tion. 

Throughout this paper we denote by ^ a finite cx-finite iy*-algebra. Denote 
hj Z = C{Z) the center of A and by T the standard exact center- valued trace 
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defined on A, T{1) = 1. Suppose that for a C*-subalgebra of ^ tlie following 
condition holds: 

(*) for any two projections p,q E B there exist in B equivalent (in B) 
projections r-p ~ r^, Vp < p, rg < q such that T{rp) = T{r-q) = 
mm{T{p){z),T{q){z)}, z E Z. 

The purpose of this paper is to show that the class of C*-algebras admitting 
weak diagonalization contains real rank zero weakly dense C*-subalgebras of 
finite a-finite VF*-algebras with the property (*). Recall that real rank zero 
{RR{B) = 0) means [@] that every selfadjoint operator in B can be approxi- 
mated by operators with finite spectrum, i.e. having the form J2 caPi, where 
Pi E B are selfadjoint mutually orthogonal projections and a, G R. By we 
have in this case also i?i?(Endg(L„(i3))) = 0. 



2 Continuity of "eigenvalues" 

For the further we need to establish some continuity properties of the "eigen- 
values" of compact operators in modules over Vr*-algebras. 

Lemma 2.1. Let /Ci = J2(^i^^Pi^\ ^2 = be strictly positive 

operators in Ln{A) with finite spectrum and let ||/Ci — /C2II < Then 

i) one can find a unitary U in Ln{A) such that it maps the "eigenvectors" 
of IC2 to the "eigenvectors" 0//C1 and ||f/*/Cit/ — /C2II < £, 

ii) "eigenvalues" {A^^} of operators fCr {r = 1, 2) can he chosen in such a 
way that — Xf^W < £■ 



Proof. As the algebra A can be decomposed into a direct integral of finite 
factors, so it is sufficient to prove the lemma for the case when ^ is a type 
III factor (for type I„ factors lemma is trivial). Denote by Eic{X) the spectral 
projection for the operator /C corresponding to the set {—00, A). If r is an exact 
finite trace on A, it can be prolonged to the (infinite) trace f = tr on the 
algebra End^('H^) and to the finite trace on a lesser algebra End^(L„(^)) 
where we have f (1) = n. Put 

^icict) = inf A, < a < n. 
As it is shown in |12| (the continuous minimax principle) one has 

e^(a)= inf { sup (/Ce,0}, (2.1) 
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where (■,■) denotes an inner product in a Hilbert space where the alge- 
bra End^(L„(^)) is represented and V denotes the set of projections in 
End^(L„(^)). It follows from (O) that if ||/Ci - /C2II < e, then 



|£K;i(a) -^^2(a)l < (2-2) 

Let Qi be projections on the "eigenvectors" x\ of the operators /Cr, cor- 
responding to the maximal "eigenvalues" \f\ f{Q'f^) = 1. For two divisions 
{f/^^qP} and {Pi^\Qi^^} of unity given by decompositions of JCi and /C2 
we can construct a finer division of unity. By |TB[ there exist sets of mutually 
orthogonal projections i?^^ G End_4(L„(^)) such that 

in) for every m we have i?^-* < Q\^^ or < P^''^ for some i or j. 

Then (after renumbering) one can write the operators Kr in the form JCr = 
Tat^Rt^ with < 0^2^ < . . ., ct^-' G R. It makes possible to define a 
unitary : Ln{A) — >Ln{A) such that 

/7(Imi?(^)) = Imi?«, (2.3) 

hence f/(Imgf^) = ImQ^^ so U maps the ^-modules generated by the "eigen- 
vectors" xf^ into the modules generated by xf^ , hence U xf^ = xf^ ■ Ui = x -"^^ 
for some unitaries m,- G A. Put 



n(ai 



min{n|f(0 



m>?i 



Then e^c^fa) = and it follows from (B^ that |a^V s - a^^/ J < e. But 



ri») = "n(a) anu 11 ionows iiom uiai - a^^^-^ 

changing a we obtain that 

|a«-a(^)|<£ (2.4) 
for all m. Taking a = 1 (then z = 1) we have 

m>n(l) 

From (|2.3|) and (p.4|) we conclude that 

||^*A«f/-AS^)|| = || 5: (««-a(^))Pif)||<.|| P(f)||=£. (2.5) 

m>n(l) m>n(l) 
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Choosing appropriate Ai^^ to satisfy the conditions A^^^ ^^aS^^ and 

A^^Xi'^ = x^i^X^i^ we obtain the estimate 

IIA^'^ -Af^ll <£. (2.6) 

By the same way estimates (p.5|), ( p.6| ) can be obtained for all i and it proves 
the lemma. • 

Corollary 2.2. Let JCr '■ 'H^ — ^"H^, r = 1, 2 be compact strictly positive 
operators and let ||/Ci — /C2II < Then 

i) one can find a unitary U in 1-C\ such that it maps the "eigenvectors" of 
IC2 to the "eigenvectors" 0//C1 and ||[/*/Cif/ — /C2II < £, 



'^eigenvalues" {A^-'"''} of operators K,r {f = 1, 2) can be chosen in such a 



way that \\X[^^ — Af^|| < e. 



Proof. Let L^^ (A) G denotes the Hilbert submodule generated by the 
first n "eigenvectors" of the operator JCr, L'^''{A) = Ln{A). It was shown in [|1^ 



that the orthogonal complement to such submodule is isomorphic to and 
the norm of restriction of compact operator JCr on the orthogonal complement 
to LW(^) in n*j^ tends to zero, henceforth it is sufficient to consider only the 
case of operators in Ln{A) and there one can approximate these operators by 
operators with finite spectrum. • 



3 Case of RR{B) = 



In this section we show that C*-algebras of real rank zero with the property 
(*) admit weak diagonalization. 

Theorem 3.1. Let B be a weakly dense C* -subalgebra in A with the prop- 
erty (*) and let RR{B) = 0. If JC is a compact strictly positive operator in 
the B-module Tig then the "eigenvalues" {Aj} of diagonalization of the natural 
prolongation of JC to the A-module T-L\ can be chosen in a way that Xi E B 
would hold. 



Proof is based on the results of S. Zhang [T^. By [|1,|[T3| the operator JC 
can be approximated by operators /C„ G EndH(L„(i3)) with finite spectrum. 
By fl^, corollary 3.5 there exist such unitaries Un G Ende(L„(;B)) that the 
operators 



(n) 



U*JCnUn 



\ 



\ 
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(n) 

are diagonal and X] G B are operators with finite spectrum. Show that due 
to the property (*) by an appropriate choice of such Un one can make the 
condition valid for "eigenvalues" {A-"^}. Let Aa = Y.otkqk, A^ = J2 Pi^i 
where qk, ri & B are projections and suppose that a < b but for some m and n 



inequality (3m > C(n holds. Using the possibility to diagonalize projections 



we can find projections si & B equivalent to ri and such that si = (Bksf' and 
sf' < Qk- Then put 

/ Ai \ /a; \ 

and notice that the operators " • . and ■ • . are uni- 

V Xn J V a; / 

tarily equivalent. After repeating this procedure for all cases when Pi > ak we 
obtain validity of ( |1 . 1| ) for A^ and A'^,. By the same way we can order all "eigen- 
values" of /C„ remaining in B. But by the property (*) if ||/C„ — /C„_i|| < En 
then one can find such unitaries Mj^„ in B that 

II * \ (") \ ("—1) II ^ rn -i\ 

WUi^nK 'Ui^ri - K II <^n (3.1) 

. Then u*^\^f^Ui^n ^ B. Taking a subsequence of {/Cn} if necessary we can take 
in (|3.1|) £n = Then the sequence 

_ x{l) \(2) _ , * >, (2) T(3) _ * * ^ (3) 

is fundamental in B. Denote its limit by Aj G B. By the corollary 2.2 for all 
/C„ we can find unitaries f/„ which map the first n "eigenvectors" of /C to 
"eigenvectors" of /C„. Put IC'^ = f/*/C„?7„ G End^(7^;^). Then we have 

IC'^x, = xA^^ (3.2) 



and ||/C^ — JC\\ — >■ 0. Taking limit in ( p.2|) we obtain /Cxj = XjAj, hence Aj are 
"eigenvalues" of /C. • 

Notice that the condition (*) is necessary for a C*-algebra to have the 
weak diagonalization property. Indeed if /C is a direct sum of two projections, 

/C = ^ Q ^ ^ then the "eigenvalues" of /C can be ordered only if the "common 

part" of 1 — p and q lies in B. 

Remark. In the case of C*-algebras Ag of irrational rotation one has 
RR{Aq) = (cf P]) and the property (*) is valid, so the theorem 3.1 gives 
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the answer to the problem of [|T^ where we have considered the Schrodinger 



operator in magnetic field with irrational magnetic flow. It is known that this 
operator can be viewed as an operator acting in a Hilbert Ag-module. As we 
can imbed Aq in a type IIi factor ^ as a weakly dense subalgebra [0] so we 
can diagonalize this operator in a Hilbert ^-module. The present paper shows 
that the "eigenvalues" of this operator can be chosen to be elements of Ae. 
So this situation is a noncommutative analogue of the case 6 = 1 when the 
corresponding operator can be diagonalized over iy*-algebra L°°(T^) but the 
diagonal elements lie in a lesser C*-algebra C(T^). Notice that in case of ra- 
tional 9 this operator is also diagonalizable. 
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